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ABSTRACT 
We show that, if the eigenvalues of the adjacency matrix of a graph are distinct, 
then the group of automorphisms of the graph is Abelian. 
In [2], Mowshowitz proved the following theorem: Let X be a finite, 
simple and undirected graph, A = A(X) be its adjacency matrix and 
G(X) be its group of automorphisms. If A has distinct eigenvalues, then 
every nonidentity element in G(X) is of order 2 (which implies G(X) is 
Abelian). Mowshowitz’s proof used the fact that a permutation P* of 
the vertices of X belongs to G(X) if and only if 
PA = AP, (1) 
where P is the permutation matrix corresponding to P* [I, Corollary A.l, 
p. 4901. 
Mowshowitz’s theorem does not hold for directed graphs, e.g., the 
adjacency matrix of a directed cycle of three vertices has distinct eigen- 
values, but none of the automorphisms is of order 2. However, the group 
of automorphisms is cyclic. Since (1) holds for directed graphs also, (the 
same proof as Corollary A. 1 on p. 490 in [l]), it leads to the following 
THEOREM. Let X be a finite and simple graph with n vertices (directed 
or undirected, with or without loops), A = A(X) be its adjacency matrix, 
and G* = G(X) be its group of automorphisms. If the eigenualues of A (in 
the complex number field) are distinct, then G* is Abelian. 
Proof. Let G be the group of permutation matrices corresponding to 
G*. Then G and G* are isomorphic. Let P and Q be arbitrary elements 
of G, then we know that 
PA=AP and QA = AQ. 
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Since A has distinct eigenvalues, there exists a nonsingular matrix S such 
that 
SAS-l = D = diag(d,, , d,, ,..., d,,), 
where D is a diagonal matrix with dll, d,, ,..., d,, on the diagonal, and 
dii # djj , for i # j. Then A = S-IDS. Since PA = AP, we have 
P(S-lDS) = (S-‘DS)P, 
i.e., (SPS-l)D = D(SPS-l). 
Let YP = SPS-l. Then Y,D = DY, . Since D is a diagonal matrix with 
distinct diagonal elements, Y, is also a diagonal matrix. Similarly, 
Yo = SQSF is also a diagonal matrix. Y,Y, = YoY, implies PQ = QP. 
Hence, G and G* are Abelian. 
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